Necessary and sufficient conditions are given for a commutative regular ring to have a prime integrally closed extension.
In this paper we give necessary and sufficient conditions for a commutative regular ring P to have a prime integral closure. In [1] it was shown that for a commutative regular ring P to have a prime integral closure, it is necessary that every polynomial p(x) in R [x] have an unambiguous factor (see definitions below), and that in the case that P is countable this condition is also sufficient. An example was given to show that this condition is not sufficient if R is uncountable. It was also seen in [1] that if P has a prime integral closure, then this closure is unique. I would like to thank Bonnie Gold and Gadi Moran for helpful conversations during the preparation of this paper.
Definitions. (1) KCR is the theory of commutative regular rings; Kçjî = KCR U {every monic polynomial has a root)
is the theory of integrally closed commutative regular rings.
(2) If P 1= KCR and p(x) G R[x], we call p(x) unambiguous if on no nonzero idempotent e is it the case that/>(x) = u(x)v(x) with (u(x), v(x)) = 1 one. (An identity holds on e if it holds in Re.) This condition is equivalent to p(x) being a power of an irreducible polynomial at every point of SR, the Stone space of P (= Spec (P)). T = KCR U {every polynomial has an unambiguous factor}.
(3) If P 1= KCR and P C R h K^R, we call P a prime extension of P to a model of K^r, or an (in fact the) integral closure of P if whenever /: P -» P] 1= Keß is an embedding, /extends to an embedding of P into R{. If we drop the condition that P 1= K^ we call R a prime extension of P.
(4) If P t= KCR and P C R 1= KCR, we call P sequentially prime over P if P = Ua<APa w'lh ^o = ^' Rs = Ua<r5^a f°r limit ordinals 5 < À and (In other words, P can be realized as a sequence of one element extensions, each prime over the previous ones-see [1] .) -(5) Let R f KCR. We call R thin if there is a set 9 C R¡ [x] , where R¡ is the inseparable closure of R-see [1] , such that (a) every polynomial p(x) G 9 is normal (in the sense that adjoining one root of p(x) splits p{x) into linear factors) and unambiguous, (b) If R' D R splits every polynomial in 9 and is generated over R by the roots of these polynomials, then R' (= K^. (c) Each />(*) G <3> is defined and monic on some idempotent ep(eR) andp(x) = p(x)ep.
(d) If A C 9 is countable, there is a countable 2? with A C 5 C 9 such that if Ä' results from R by adjoining roots of all the polynomials p(x) G B (in the sequentially prime way-see [1] ), then in R'[x] every polynomial p(x) G 9 factors on ep into unambiguous monic factors. We shall call such af a thin basis for R.
We shall show that if R is prime over R, then R is sequentially prime over R and consequently that R has a prime integral closure if and only if R is thin.
Remark. In definition (5) above the only important conditions are (b) and (d); i.e. if we have a set of polynomials which satisfies (b) and (d), then we can construct a set satsifying (a)-(d). Notice also that if R is thin,then R (= T.
From now on, when Ä f T, we shall assume that R is inseparably closed (i.e. every purely inseparable polynomial in R[x] has a root). This involves no loss of generality since the inseparable closure R¡ of R always exists and is prime and in fact sequentially prime over R. If R is inseparably closed instead of unambiguous polynomials, we can talk of irreducible polynomials (see [1] ). Also all irreducible polynomials are then separable and, consequently, we have the primitive element theorem holding.
Let R f-T and let 9 = {p( It is clear that Ra = v~x(Ra), that R$ = Ua<sRa for limit ordinals 8 < A, that R^ = R and that Pa+) is countably generated over Ra. Lemma 1. (i) Ra is prime over P.
(ii) Ra+1 is prime over Ra . (iii) Ra+\ is sequentially prime over Ra.
Proof, (i) is trivial.
(ii) Since Ra is free over P there is a projection ¡u: Ra -* Ra over P. It is easy to see that ft » c is an automorphism of Ra. Let 9' = Ker (¡i) C Ra and let 5 = 5'P. Then since P and Ra are models of KCR, 5 n P0 = 5'. Also ft: Pa/5' -» Pa is an isomorphism. It is easy to see that P/5 is free over Ra = Pa/5' (in the same sense that P is free over P). Let Ra C P2 N A^. Then there is a homomorphism ftj : P/5 -» P2 over Pa so that /x, ° p : P -» P2 is an embedding. Hence P (and thus Pa+i) is prime over Pa. Hence, since Ra+\ is countably generated over Ra, by the remark following Theorem 2 of [1] , Ra+l is sequentially prime over Ra, and (ii) and (iii) are proved.
Corollary.
If R is a prime integral closure of R (l= KCR), then R is sequentially prime over R.
Proof. The results of [1] show that P t= T. The inseparable closure P, of P is always sequentially prime over P and P, 1= T so the above construction and Lemma 1 show that P is sequentially prime over P.
Lemma 2. // P « i/te prime integral closure of R, then R is thin. where <p is an embedding of P2 into P. over P which exists because P2 is prime over P. This diagram need not commute, but we do have v(r) = <p(/-) for r G P. We shall show that there exists an automorphism \p of P| over P such that the above diagram with cf> replaced by ^_1 ° cp does commute. The lemma then follows from the freeness properties of P¡ over P,. P, is generated by the xp, p G 9, over P,. For a G P, let a,, /' = 1, ..., na, denote the conjugates of a over P, and for p(x) G 9 let /»(-(jc), / = 1, ..., np, denote the conjugates of p(x) over P. Notice that if p(x) G 9, then p¡(x) G 9, and since P, 1= T, (Pj(x),Pj(x)) = 1 for i + j. It is obvious that ^ is a homomorphism because of the freeness properties of R\ over R{. i// is locally one-to-one (i.e. on each stalk) and hence one-to-one. Also xp G Range (\¡) so i|< is onto. Therefore ^ is an automorphism with the required properties.
Lemma 4. // P is thin, then R has a prime integral closure.
Remark. The condition that P be thin is not a first order condition since every countable model of T is thin. Hence for P uncountable the necessary and sufficient condition for P to have a prime integral closure is not first order, while for countable P it is.
